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Abstract. Let A be a compact set in V of Hausdorff dimension d. For s 6 (0, d), the Riesz .v-equilibrium measure 
' is the unique Borel probability measure with support in A that minimizes 

over all such probability measures. If A is strongly CH d , d)-rectifiable, then fi s converges in the weak-star topology 
to normalized ^-dimensional Hausdorff measure restricted to A as s approaches d from below. 

Riesz potential, equilibrium measure, cZ-rectifiable 

1. Introduction 

Let A be a compact subset of W with positive and finite <i-dimensional Hausdorff measure f H d (A). Let M{A) 
denote the set of Radon measures with support in A, and A1i(A) c M{A) the Borel probability measures with 
support in A. The Riesz ^-energy of a measure yu e A1(A) is defined by 

IM-= ff -^—^d^Wix). 

If s e (0,d), then there is a unique measure fi s = fj. s ' A e M\{A) called the (s-)equilibrium measure on A such 
that I s (jx s ) < I s (v) for any measure v e Mi(A)\{fi s ], while, for s > d, I s (v) = co for any non-trivial measure 
v e M{A) (cf. [8, 9]). The uniqueness of the equilibrium measure arises from the positivity of the Riesz kernel 
(cf. [4, 8|. For example, in the case that A is the interval [-1, 1] and s e (0, 1), it is well-known (cf. [6|) that 
d/j. s (x) = c s (l - x ) 2 dx where c s is chosen so that /i s is a probability measure. 

In this paper, we investigate the behavior of fi s as s approaches d from below. For A = [-1, 1], we see 
directly from the above expression that fi s converges in the weak-star sense as s f 1 to normalized Lebesgue 
measure restricted to A. It is natural to ask how general is this phenomena. We are further motivated by recent 
results concerning the following related discrete minimal energy problem. For a configuration of N > 2 points 
con '■= {x\, . . . , xai) and s > 0, the Riesz s-energy of u>n is defined by 

N 

E s (lo n ) 



4ri Xi - xj\* 



>j=i 

i*i 

The compactness of A and the lower semicontinuity of the Riesz kernel imply that there is a (not necessarily 
unique) configuration oj s n c A that minimizes E s over all Appoint configurations on A. When s < d the above 
continuous and discrete problems are related by the following two results (cf. |8|). First, E s (u)^)/N 2 — > I s Qi s ) 
as — > oo. Second, the sequence of configurations {(l> s n }^ =1 has asymptotic distribution [X s , that is, the sequence 
of discrete measures 

(where 6 X denotes the unit atomic measure at x) converges to fj." in the weak-star topology on M{A) as — > oo. 
We use a starred arrow to denote weak-star convergence, that is, for s e (0, d) we have 

(1) n s < N ^n s asAf^oo. 



,s,N _ 

N 
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In the case s > d, the discrete minimal energy problem is well-posed even though the continuous problem is 
not. Recently, asymptotic results for the discrete minimal energy problem were obtained in J5) and 13 for this 
range of s and the case that A is a cZ-rectifiable set where A is d-rectifiable (cf. [3, §3.2.14]) if it is the Lipschitz 
image of a bounded set in W 1 . In this case, 

(2) fx s ' N -4 <Hfm d {A) as N -> ~. 

(Here and in the rest of the paper we use the notation pe to denote the restriction of a measure p to a p- 
measurable set E. e.g. 1ri d A = < H d {- n A).) For technical reasons, the results in and |2] for the case s — d 
further require that A be a subset of a li-dimensional C 1 manifold, although it is conjectured that this hypothesis 
is unnecessary. 

The limits (HJ and (O suggest that p s — > < H'tl < H d (A) as s f d whenever A is (i-rectifiable. If A is strongly 
CH , t/)-rectifiable (see Definition 11.1 I below). we show that this is indeed the case. A primary tool in our work 
is the following normalized li-energy of a measure 

Ijji) := lim(d - s)I s (ji), 

sld 

which we show is well-defined for every measure p e Af(A) and is uniquely minimized over Mi (A) by the 
measure X d := <H*/<H d (A). 

A map / : A — > W is Lipschitz if there is a constant L such that, for any x, y e A, 

\f(x)-f(y)\<L\x-y\, 

and is bi-Lipschitz if there is a constant L such that for any x, y e A, 

i|x-yl<l/W-/(y)l<i|*-y|. 

A set A c R p is CH d , d)-rectifiable (cf. §3.2.14]) if ^(A) < oo and there exists a countable collection 
E\,Ei, ... of li-rectifiable sets that cover T^-almost all of A. That is, there exists a countable collection of 
bounded subsets of R d Ki , K2, . ■ ■ and a corresponding collection of Lipschitz maps, tpi : Ki — > W, ip2 : K2 — > 
W, . . . such that 

/ CO 

<H d A\(J^(*«) 

V i=l 

Moreover, it is a result of Federer (3] §3.2.18]) that if A is {"H a , (i)-rectifiable then for every e > 0, the Lipschitz 
maps and the bounded sets may be chosen such that each (pi is bi-Lipschitz with constant less than 1 + e, each 
Ki is compact and the sets 1^1(^1), 1^2(^2), • ■ • are pairwise disjoint. For such a choice of the <pi and Ki there is 
an N = N(s) such that 



= 0. 



\ 



< e. 



A\\J<pi(Ki) 
V i=l > 

The following definition of strong { < H d , J)-rectifiability strengthens this condition in that for each s > there 
must be a finite collection of the mappings as above such that the portion of A not covered by the union is of 
strictly lower dimension. 

Definition 1.1. We say that a set A c W is strongly CH d , cf)-rectifiable if, far every s > 0, there is a finite 



collection of compact subsets of Mr K\,, . . and a corresponding set of bi-Lipschitz maps ip\ : K\ — > 
W, . . . , tp N : K N -» W such that 

1. The bi-Lipschitz constant of each map is less than 1 + s. 

2. <H d {tpi(Ki) n ipj(Kj)) = Ofar all i + j. 

3. dim(A\U£iW(*i))<* 

Note that compact subsets of of-dimensional C 1 manifolds are strongly CH d , (i)-rectifiable and any strongly 
CH d , c/)-rectifiable set is (K d , c/)-rectifiable. 

The Riesz s-potential of a measure p e A1(A) at a point x G W is given by 

Ut(x):= f —^—dp(y). 
J \x-y\ s 
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If fi e Ali (A), then lim,-^ Us(x) - oo for all x in some set of positive //-measure and hence, as mentioned 
previously, lim^ /,(//) = oo (cf. [9|). For x e W, we define (when it exists) the following normalized d- 
potential 

(3) U^Xx) := ]im(d- s)U^(x). 

" s^d 

In certain cases, Uj(x) behaves like an average density of p at x. In particular, it is shown by Hinz in [7 | that, if 
there is a constant C = C(x) such that p(B(x, r)) < Cr 4 for all r > 0, then Uj(x) equals d times the order-two 
density defined by Bedford and Fisher in HI 

UmJ _ rf^mi dr 

s^o | In e| J e r d r 

at any point x where this limit exists. This in turn equals the usual density 

p(B(x,r)) 
D.M^lim 

at any point x where D^{x) exists. (Here B(x,r) denotes the closed unit ball centered at x of radius r. The 
corresponding open ball is denoted B(x, r)°.) Note that the order-two density exists for many measures for 
which the density does not (cf. [ 12] and references therein). 

Finally, we remark that in [ 10 1 M. Putinar considered a different normalized Riesz <f -potential in his work on 
solving inverse moment problems. 

1.1. Main Results. Our first theorem asserts that the normalized c/-energy Id is well defined and gives rise 
to a minimization problem with a unique solution. Note that we choose a normalization of 1ri d so that the 
W-measure of 5(0, 1) c R d is 2 d . 

Theorem 1.2. Let A c R'' be compact and strongly CH d ,d)-rectifiable such that ^(A) > 0. Let A d :- 
<H d A l<H d {A). Then 

1 . Id(/j) exists as an extended real number for every measure /i e Ai(A) and 

j oo otherwise. 

2. If, for some measure \i € Ai(A) Id(p) < °°, then U't exists and is finite fi-a.e. and 



Un) = 




3. Id(<l d ) < Id(v) for every measure v € Mi(A)\{A d }. 

The second theorem asserts the weak-star convergence of the s-equilibrium measures to normalized Haus- 
dorff measure as s approaches d from below. The essential idea behind the proof is that any weak-star limit 
point of the s-equilibrium measures, as s approaches d, has normalized li-energy less then or equal to that of A d . 

Theorem 1.3. Let A c W be compact and strongly {fH d , d)-rectifiable such that ( H d (A) > 0. Let A d := 
<H d /<H d (A). Then p s A A d as s T d. 

The remainder of this paper is organized as follows. In Section [2] we prove several lemmas leading to a 
proof of Theorem 1 1.21 In Section [3] we show that p s converges to A first, for the simpler case where A is a 
(f-dimensional compact subset of R . Then, by gluing together near isometries of compact subsets of R d , the 
theorem is proven for the more general case where A is a strongly CH d , c/)-rectifiable subset of W. 
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2. The Existence of a Unique Minimizer of Id 
In this paper, the Fourier transform of a finite Borel measure p supported on R d is defined by 



For a compactly supported Radon measure p on R d and s e (0, d) the Riesz s-energy of p may be expressed 

(cf. MEM) 

I s (p)=c(s,d) f \{r d \jl(t)\ 2 d£ d ({), 
where X denotes Lebesgue measure on R d and the constant c(s, d) is given by 

, ^ ^ r (^) 

Observe that (cf. |[8j ch. 1]) 

(4) lim (d - s)c(s, d) = a>d, 

std 

where a>d is the surface area of the d - 1 sphere in R d . 
Lemma 2.1. Let K cR 1 * be compact. For a measure p e M(K) we have 

I d (p) = u>d\\fi\\l £ ii- 

Further, ifld(p) < °°, then p <zz £ d . 

Proof. For any measure p e M(K) the Riesz s-energy can be expressed as 

iM = c{s,d) f \^- d \m\ 2 d-c d (o+c(s,d) f \z\ s - d \m\ 2 dj?{®. 
Jifi<i j|fi>i 



By dominated convergence 

* d J\t\<i "" " "" J\t\<i 



lim f \tr d \m\ 2 d-C® = f lAtf)! 2 ^®, 
J|fl<i J|fl<i 



and by monotone convergence 

lim f Ifl^l/K^l 2 ^^ = f \tK£)\ 2 d£ d (£). 

Jlfl>l Jlfl>1 

From (0| the first statement is proven. 

An established result (cf. |fll) is that, if // e L 2 ( J C £i '), then p «: £ d and rf///rf.£ d e L 2 (£ d ). 

Definition 2.2. (cf. [9 ch. 1]J Let p be a compactly supported Radon measure onW and let ip : supply} 
be continuous. The image measure associated with p and tp is the set-valued function cp#p defined by 

<p # p(E) := p(<p-\E)). 

The following are straightforward consequences of the above definition. 

1 . <p#fi, as defined above, is a compactly supported Radon measure on W . 

2. For a non-negative i/j#ju-measurable function / 



J fd<p#p = J f(<p)dp. 

For A c W, a bi-Lipschitz map <p : A — > W with constant L, and a measure p e M{A) it follows that 

(5) jjl,(mt) ^ W £ L s I s (tp#p), 
and 

(6) L>H d (<p(A)) < <H\A) < L d <H d {ip{A)). 
Note © implies p ± H d if and only if ip#p ± < H d . 
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Lemma 2.3. Let A <zW be strongly CH d , d)-rectifiable and let p e M(A) be such that p <jt 9i d , then Idip) 
exists and is infinite. 

Proof. Let p e M(A) such that p < Hf. Let p — p 1 - + p^ be the Lebesgue decomposition of p with re- 
spect to 1-{ d k . Let K\ , . . . , K?j and <p\ : K\ — > W, . . . , <p^ : — > K. p be the compact subsets of R d and the 
corresponding maps with bi-Lipschitz constant less than 2 provided by the strong ( ( H d , (i)-rectifiability of A. 
Let B — A\ IJ^j ifi(Ki) and so = dimfi. If p(B) > 0, then, by the equality of the capacitory and Hausdorff 
dimensions (cf. (9)), I s (p) = 00 for all s e (so, d). Hence Idip) = °°. 
lfp(B) = 0, then 

N 

0<^(A)<^^(^/)). 



Choose j € 1,...,JV such that p^itpjiKj)) > 0, and define v, := p^.( K .y Since Vj ± "H^^.y it follows that 
(fipVj ± H and hence <p~j#Vj ± £" . By Lemma |2~T1 we have that Idif^Vj) = °° and by (0 it follows that 
oo = I d ((p j# (p-^Vj) = I d (vj) < I d Qx). a 

Lemma 2.4. Let A c R p be strongly CH d , d)-rectifiable and p e M(A) such that p «: < H d . Then 



v _ orfj dp ^ 



m = Td- 



d<H a A 



<Hl-a.e. 



Proof. As already noted, because A is strongly CH d , oT)-rectifiable, it is (W , oT)-rectifiable. For any (H ,d)- 
rectifiable set, a density result (cf ||9] ch. 16]) and the Radon-Nikodym Theorem give 

<H d (B(x,r)) 



lim ■ 

rj.0 



(2r) d 



1 



and 



lim 



p{B(x,r)) 



dp 



no <H d AB{x, r)) cW? 



< oo 



For'Hjj'-a.e. x we then have sup,. >0 p(B(x, r))/^ < oo and 



for T^-a.e. x 



D„(jc) = 2 d 



d/u 



d<H d 



Hence the order-two density exists and, by the result of Hinz in [7] mentioned earlier, 



Ufa) = 2 d d 



dp 



d<Hl 



•7/ A d -a.e. 



Lemma 2.5. Let A c W be strongly (9i d , d)-rectifiable and let p e M(A) be such that p <K Hi and dp/dfii £ 



L 2 CH^), then Id(p) exists and is infinite. 



Proof. From Lemma |2~4l and Fatou's Lemma we immediately obtain 



<2 d d*L 

d<H d A ) 



dp 



dp 



= f(\im(d-s) \ ■ — — dp(y)]dfi(x) < lirninf(d - i) \\ ■ — l —dp(y)dp(x). 
J \rtd J \x-y\ s ) std J J \x-y\ s 



Lemma 2.6. Let A c W be strongly ("H , d)-rectifiable. There is a constant C depending only on A such that 
for all x e W and all r > 



<H d ,(B(x,r)) 



< C. 
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Proof. Let K\,..., and ip\ : K\ — > R p , . . . , ip^ '■ — > W be the compact subsets of R d and the corre- 
sponding maps with bi-Lipschitz constant less than 2 provided by the strong CH , £/)-rectifiability of A. Since 
< H d (A) = W'fljjli <Pi(Kj)) and since each (pi is bijective, we have 

t H d A {B(x,r)) < " tf^jn^ = y 'H d {ip i {K i rMpT\B{x,r)))) < " 2^(^ n tfjBjx, r))) 

1=1 (=1 r'=l 

where the last inequality follows from ©. Since <H d {Ki n ^(Bfor))) < 2 2 V, the claim holds with C = 
2 id N. a 

Lemma 2.7. Let A c R p be strongly {'H d , d)-rectifiable and jj e M(A) be such that fi <k < H d and d^i/d'H'^ e 
L 2 (1-(^), then exists and 

Proof. The maximal function of ji with respect to < Hi may be expressed as 

M<udii(x) : = sup — j = sup — -. I id7i,. 

,^ < H d A {B(x,r)) r>o<H A ! (B(x,r))J BM d<H d 

The maximal function maps L 2 CK^) to itself and so M w ,jj(x) e L 2 CH d ). 

We construct a /i-integrable function that bounds (d - s)U^ for all s e (0, d). Lemma l2~4l holds yu-a.e. and, 
for an x for which Lemma |2~4l holds, we follow an argument found in [9, ch. 2] to obtain 

1 



\x-y\* 



> t }\dt 



(d-s)s — dr 



f 

Jo 



= ( d-s )s r A ^^ B ^v^ dr 



Hi(B(x, r)) r 4 
(8) + (d- s),s --j — dr. 

J diamA ^ 

The right hand side of (0 is bounded by CM^fyufx^diamA)^', where C is the constant established in 
Lemma [2~6l The quantity in (0 is bounded by (d - s) / u(R /7 )(diamA)~ s . We may maximize these bounds 
over s e [0, d] to obtain a bound (d - s)Us of the form C\M, H d^(x) + C 2 yu(R z ')- The yu-integrability of this bound 
is established via the Cauchy-Schwarz inequality as follows 

(CiM^(i) + C 2 //(R P )) dn < Ci ||M^W|| 2 w , 



mi 



+ C 2y u(R p ) 2 < 



By dominated convergence the claim follows. 
2.1. Proof of Theorem 1.2. 



Proof of Theorem U .21 Let A satisfy the hypotheses of Theorem 1 1.21 The first two claims of the theorem are 
proven in lemmas |231 12. 5l and l2. 71 

Let v denote the finite measure (2 d d)~ 1< H d . The set of measures with finite normalized af-energy are identified 
with the non-negative cone in L 2 (v) (denoted L 2 (v)+) via the map y. «-> d/x/dv. Under this map we have Id(fj) = 
\\dfi/dv\\2y A measure /i of finite if-energy is a probability measure if and only if ||dju/dv||] v = 1. The last 
claim in the theorem is proven by finding a unique, non-negative function / that minimizes || ■ || 2(V subject to the 
constraint ||/||i, y = 1. We address this problem using the following, standard Hilbert space argument. 

The non-negative constant function 1 /v(W) satisfies the constraint ||l/v(R / ')|| 1 y = 1. Let / e L 2 (v) + be such 
that ||/|| ljV = 1 and ||/|| 2>v < |U/v(R*)|| 2 , v , then 
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Thus 







1 


V' y(R p )) v 


l/lb,v 


v(W) 



2.v 



From the Cauchy-Schwarz inequality / = l/v(W) v-a.e. By the identification above, the measure, A d := 
< H d A l'H d {A) e Mi (A), uniquely minimizes Ij over yV(i(A). □ 

3. The Weak-Star Convergence of p" to A d 

Lemma 3.1. Let K c M. d be a compact set. Then, for every r\ > 0, there is an so = sq(t]) such that, for any s 
and t satisfying So < s < t < d and any measure p € M{K), 

(d - sWu) < (i + n) [id - t)m + w(^ d ) 2 ] ■ 

Proof. If I s (p) = °°, then I,(p) = oo for t > s and the lemma holds trivially. Now suppose that I s (p) < 00 for 
some s such that (d - t)c(t, d) > aJd/2 for all t e (s, d) and observe that 



(d-s)I s Qx) = (d-s)c(s,d) f \{\ s - d \m\ 2 d£ d (Z) 



(9) 



(d - t)c(t, d) 

We may approximate the integral in (0 as follows. 



(d — s)c(s, d) C <• ,i i a 

\d-t) C {t,d) \zr d \m\ 2 d.c d (o. 



f \tr d \m\ 2 d£ d (f) 
= f \tr d \m\ 2 dL d it) + f \tr d \m\ 2 d£ d (& 

J\g\<i J\e\>i 



f (\tr d - \{t d )\m\ 2 d£ d (& + f \g- d \m\ 2 d-c d (o+ f \tt d \m\ 2 d£ d (& 
Jifi<i j|fi<i j|fi>i 

i d f f cki* 

J|fl<i 



\^- d )d£ d {g)+ \z\<- d \m\ 2 d£ d (&. 



By (O we may pick sq e (0, d) high enough so that, for any s and t satisfying sq < s < t < d 

(d - s)c(s, d) 



< 1 + 77, (d - t)c(t, d) < 2u)d, 



and 



(d - t)c(t, d) 



f < 

J|f!<i 



2(L>d 



The following generalization of Lemma 13.11 will be applied repeatedly to measures supported on the bi- 
Lipschitz image of a compact set, K c R d . Let p € M(sp{K)) be such a measure. Using <(5j to bound the 
5-energy of <pl p., applying Lemma [3~T1 to ip # l p, and then using <(5j again to bound the f-energy of the measure 
ip#ip # l p — p we obtain the following. 

Corollary 3.2. Let K c R d be a compact set and suppose tp : K — > W is bi-Lipschitz with constant L. Then, 
for every rj > there is an sq — so(t]) such that for any s and t satisfying Sq < S < t < d and any measure 
p e M((f(K)), we have 

(d - s)I s (jx) <L d (l+ Tj) [L d (d - t)I,(p) + w(^ P ) 2 ] ■ 

In the proof of the following proposition we shall use the Principle of Descent (cf. J8] ch.l §4]), a conse- 
quence of which is that, if s e (0, d) and if a sequence of compactly supported Radon measures \Pn}'^ =l converges 
in the weak-star topology to if/, then I s {if/) < lim inf,,^,*, I s (p„). 

Proposition [33] is a simple case of Theorem 1 1.3 1 and its proof illustrates the approach used in the proof of 
Theorem ll.3l 
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Proposition 3.3. Let A c TH d be a compact set such that < H d (A) > 0. Let p s denote the s- equilibrium measure 
supported on A. Then p s -4 A d := <H d fH d (A) as s t d. 

Proof. Let iff e M\(A) be a weak-star cluster point of fjf as s f <f. Let {s„}^Lj t d sucn that yu 5 " — > </f as « — > oo. 
Let 77 > be arbitrary, so be as provided by Lemma [XT] and let s e (so,d). We have 



(d - s)I s (if/) < lim inf (c/ - s)I s (M s ") 

n— »oo 

< liminf(l+^)[(^-s„)/ s ,V") + ?7] 

< lim inf ( 1 + 7) [(d - s„)/ s „ + tj] 

n — >co L J 

where the first inequality is an application of the Principle of Descent. The second inequality follows from 
Lemma |3~T1 where t in the statement of the lemma is chosen to be s n , and the third from the minimality of 

The variable s may be taken arbitrarily close to d, and so Id(iff) < (1 + rj)[Id(A d ) + rj]. The variable r\ was 
also chosen arbitrarily and we conclude Id(iff) ^ )■ Theorem ( 11.2b ensures that A d is the unique probability 
measure that minimizes Id, and so iff = A d . Since this holds for any weak-star cluster point, the proposition is 
proven. □ 

The rest of the paper shall employ several classical results from potential theory (cf. |8|). Let S s denote the 
set of all signed Radon measures supported in W of finite total variation such that jj. is an element of S s if and 
only if I s (\fA) < 00 ■ The set S s is a vector space, and, when combined with the following bilinear form 

I S (M, v) = JJ ^—^ dfi(x)dv(y), 

is a pre-Hilbert space. Further, for p. € S s 

I S (M) = J lf,dn. 

A property is said to hold approximately everywhere, if it holds everywhere except on a set of points contained 
in a compact set that supports no non-trivial measures in S s . For s < dim A, the equilibrium measure p s satisfies 
Us = I s (m s ) approximately everywhere in supp{//}. In particular Us = I s (fi s ) /i'-a.e. 

The proof of Theorem 11.31 follows essentially the same approach used in the proof of Proposition [33] The 
only technical hurdle is to establish an analog of Lemma [3T| for the case when A is strongly (H , d)-rectifiable 
and of lower dimension than that of the embedding space, W. This is accomplished by breaking A into near 
isometries of compact subsets of R , establishing the desired estimate one each piece, and showing that the 
pieces can be glued back together without affecting the estimate. This is the content of lemmas I3~4ll3.5l and l3. 61 

Lemma 3.4. Let A c W be a compact, strongly CH d , d)-rectifiable set such that 9I d (A) > 0. Let K c R d 
be compact, and tp : K —* W a bi-Lipschitz map such that (fi(K) C A. Then, for every s > 0, there is an 
so = so(s) and a constant Ck,? — Ck,ip(A, K, ip) such that, for any Borel set B C W satisfying < H d (dB) — and 
any s e (so, d), 

lim sup (d - s)I s U'b^) < C K # J<H*(B) + s. 
The boundary, dB, is computed in the usual topology on W. 

Proof. Without loss of generality assume e e (0, 1). Let B c W be a Borel set such that 1ri d k {dB~) = 0. Observe 
that 

(10) M/4v TO )= f U^ m dp'< f Ufdpf =I t Qx t )ABncp(K)). 

JBnip(K) JBnpiK) 

We bound the quantity lim sup,| rf p'(B n <p(K)) as follows. Let iff e Ai(A) be a weak-star cluster point of l-i' mifi ^ 
as t 1 d, and let {t n )™ = \ T d such that p'g n ^ (K) — > iff as n — > 00. Let L denote the bi-Lipschitz constant of 
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if. Choose So so that Corollary 13.21 applied to Radon measures with supported in ip(K) holds for 77 = 1 . Let 
A d := Tff / e H d (A) denote the minimizer of Id over M\(A). For any s e (s , d), 

(d - s)I s (tff) < lim inf (d - s)I s (/^ n(P(J0 ) 

< lim inf 27, d [(</ - t n )L d I, n (//" ) + 1 1 

ft — >co L "J 

< lim inf 2L d \(d - t„)L d I, i: (A d ) + 1 1 

= 2L 2d I d (A d ) + 2L d =: M < 00. 

The first inequality follows from the Principle of Descent, the second from Corollary 13.21 and the inequality, 
Is(Mbwp(k)) — ^(p-' n ), and the third from the minimality of 7, n (//"). Letting s f d we see that, for any weak-star 
cluster point iff of p' Bn ^ K) (as t f d), (^) < M. Theorem ll.2l ensures that i/r ■« and so iff(dB) = 0, implying 
/>(B n <p(K)) = H h Bnp(K) {B) -» ift{B) as n -» 00. 

The set B n A is strongly <i-rectifiable, and if iff(B) > 0, then K A (B) > 0, implying W^BnA) > and by 
TheoremO h is minimized over Mi (I? n A) by i d - lrv4 := 'Hi fH d (b n A). We then have 



Jl = Jl = _f^_ = jfH</ 

"H A {B) <H d A (B) >H d (BnA) "\ I "Uffl, 



iff \ M 



iff(B)J ~ iff(B) 2 



and we may conclude 

(If (/'(B) = 0, then the above inequality holds trivially.) It follows from the above inequality and (TTOb that for 
any Borel set B c W with ( H d A {dB) = we have 

(11) lim sup (</ - 07, ((4^) < lim sup (d - t)I t (jJ) lim sup p.'{B n ^(Zf)) < 7 rf (^) J 

«Td tT<i rtd ' 2 d y 

We complete the proof of this lemma by appealing to Corollary I3.2l applied to measures supported on <p{K) 
with 77 = s/2L d . If io is chosen so that Corollary 13 ,2l holds, then, for any s e (so, d) and t e (s, d), 



(d- S )I s (p. Bn ^) < L d [(l + ^ ? )(L d (d-t)I t (^ {K) ) + ^ ? ) 
< 2L 2d (d-t)I,(p' B ^ (K) ) + s. 

Taking the limit superior of both sides as t f d and appealing to dTTb completes the proof with C^,<p = 
2L 2d I d (A d ) y/M/2 d d. a 

Lemma 3.5. Let A c W be a compact, strongly CH d , d)-rectifiable set such that < H d (A) > 0. Then, for every 
s > 0, there exists a finite collection of compact subsets ofM. d K\ , . . . , and a corresponding set of bi-Lipschitz 
maps ip\ : K\ — > W, . . . , (p^ : — > W each with bi-Lipschitz constant less than 1 + s, such that 

1. ifii(Ki) n tpj(Kj) = /or i + j, and 

2. there is an sq = so(s) e (0, d), such that for B :- A\ \J* =l ifiiiK,) and all s € (so, d) we have 

hmsup (d- s)I s (p s ) < — 

lid ™ 

Proof. Without loss of generality assume e e (0, 1). Since A is strongly (H , t/)-rectifiable, we may find a 
set, A c W, compact sets K U ...,K N c R d and bi-Lipschitz maps q>\ : K\ -* W, . . . , <px : -> W with 
constant less than 1 + e such that A = \jf =1 (fii(Kj) U A , where dimA < d, and t H d (<p i (Ki) n fj(Kj)) = 0. 
Let 5 = e 2 /4A^ 2 € (0, 1). The set £ = U,v/ (<^(7Q n ^(Tf,)) is a compact set of ^-measure 0. Since <H* is 

Radon, there is an open set O such that E c O and < H c A i (0) < 5N~ A (max {Cjr li(w , . . . , Ck n ,^ n ^) where is 
the constant provided by Lemma [3~4l applied to (fii(Kj) c A. 
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For any point x e E, we may find a non-empty open ball B(x,R)° c O. Since dB(x, r\) n 8B{x, rj) = for 
any r\ + ri and since H A is a finite measure, all but a countable set of values of r e (0, R) must be such that 
( H^{dB{x, r)) = 0. Construct an open cover of E as follows. 

Q. = [B(x, rf : x e E, B(x, r)° c O, <H d A (8B(x, r)) = o} . 

Choose a finite sub-cover O' c Q, of E. Let B = Uien' Since dB c LW 5/?, we have that <H d A (dB~) = 0. Let 
Bj = B n (pi(K(). For any s, f e (0, t/) with f > max {s, dimAo} we have, by the equality of the Hausdorff and 
capacitory dimensions, that //(Ao) = and hence 



(d - s)I s Qi B ) < (d - s)I s 



N \ N 



By Jensen's inequality followed by the Cauchy-Schwarz inequality applied to the inner-product /,(•, •) we have 

1 N f 1 N 2 1 N 

w - s)W B> ,»' Bj ) <TpX( ((/ - ^Wb^b)] ^ 2> ~ s ^W d ~ S W B )- 



Let io = max {dimAo, So,i> ■ ■ • > s o,#}> where so,; is the value of so provided by Lemma [3~4l applied to <fi(Kj) c A, 
and where the value of s in the statement of Lemma 13. 4l is chosen to be 5 IN 2 . Combining the previous bounds 
gives, for s e (so, d), 



lim sup (d - s)I s (jj? b ) 



N 2 y lim sup (d - s)I s (p' B .) lim sup (d - s)I s (p' B .) 



N 



2^ n 2 J 

2 



2 JV2 



c 



2 ^2 



The value of so, the set B := (finA) U Ao, the compact sets Kj : = Ki\<p, l (B), and the bi-Lipschitz maps 
<Pi ■- <Pi\g. satisfy the properties claimed in the lemma for the value of s given. □ 

Lemma 3.6. Let A c W be a strongly (fH d , d)-rectifiable, compact set such that t H d {A) > 0. Then, for every 
T] > 0, there is an sq — so(r]), such that for all s € (so, d) we have 

lim sup (d - s)I s (fj.') < (1 + 77) lim sup (d - f)I t (p!) + rj. 

tld t^d 

Proof. Let A d := < H d A l < H d (A) denote the unique minimizer of Id over M\{A). Let 77 > 0. Choose s e (0, 1) such 
that 

(12) 



Ms [2 + (1 + s) d+l ] + 2 y[s~(l + s) 2d+l IAA d ) + £ 2 (1 + £)' /+I J , ((1 + s) 2d+l - l)J < i]. 



From Lemma [331 there is an s; e (0, d), a sequence of compact sets K\ , . . . , K# c Br and a sequence of bi- 



Lipschtiz maps Cp\ : K\ 



for i + j, and B : = A\ (Jv.j tfi(fti) satisfies the following for all s e (s\,d) 



, i/j^v : ^jv — > R-'' eacn with constant less than 1 +e such that ipi{Ki)(Mp j{Kj) = 



lim sup (c/ - s)I s (fx' B ) < — 
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For s e (s\, d) we have 



lim sup (d - s)I s (jJ) 



(13) 
(14) 

(15) 
(16) 



sup^-^L+^J 
lim sup (d - s)I s ~) 



lim 

<\d 



N 



2 lim sup YjW- ^"{^^m) 
^ d ;=i 

N I \ 



N 



+ lim sup ^(d-s)!,^ .). 



We next find upper bounds for each of the terms in ( [IJhToT i. First, Lemma [331 implies that, for s e (si,d), 
expression ( fT3T > is less than s/N . 

Second, using Jensen's inequality and the Cauchy-Schwarz inequality in the same manner as in the proof of 
Lemma [331 we have 



J> - s)I s <,N(d- s)I s (nt) f{d - s)I s (/(..,,). 

i'=l ' i=l 



Since each ip, is bi-Lipschitz with constant (1 + s), Corollary 13.21 (with the values of r\ and L as stated in the 
corollary chosen to be s and 1 +e respectively) ensures that there is some S2 e (si , d) such that, for $2 < s < t < d, 
we have 

(17) {d - s)I, (^ m ) < (1 + s)^\d - t)l t (^ ( - } ) + £ (1 + eY+V^&Pf. 

Then ( fTTT i, together with the bound for ( fT3l , implies that expression ( TT4T > is bounded above by 



(18) 
Using 



-i N — lim sup 



(1 + S)^ Y,{d - i)I t (// ) + £ (1 + £)"+' J] ^(W) 
i=l i=l 



lim sup V (d - t)I, (//_ - ) < lim sup (d - t)I t (pf) < lim sup (d - t)I,(A d ) = Id(A d ) 

f\d ~t ltd t\d 



it follows that, for s e {s%, d), expression ( fT4b is bounded above by 



2 Je [(1 + s) 2d+l I d (A d ) + s(l + s) f/+I ]. 

We bound (Q3J as follows. For 1 < z # j < N, let Dy = dist(&(£T,-)> <Pj(Kj)) > and let s t j e (0, d) be such 
that (d - s)D7 s < s/N 2 for all s e For such an s, (c/ - s)I s (v u v 2 ) < v 1 (R /, )v 2 (R /, )£/A^ 2 , for any vi, 

V2 e A1(A) supported on ipi(Kj) and if>j{Kj) respectively. Let sq :- max {^2, Sij ■ i + ./'}. For all s e (so,d), 

N 



From ( TTTb we have the following bound for (TTol 

V !=1 

< (1 + s) 2d+1 (d-t)I,(fi') + s(l +s) 



I N 



+ e(l + e)' 
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For s G (so, d), the preceding estimates, together with (fT2l) . gives 

e[2 + (1 + s) d+l ] + 2 ye(l + e) M+I 7 d (^) + e 2 (l + e) rf+1 



lim sup (c/ - s)I s (ji') < 

tfd 

+ [(1 + e) 2rf+I l lim sup (d - t)I t (jj') 
< 77 + (1 + 77) lim sup (d - t)I t (ji'). 

a 

3.1. Proof of Theorem 1.3. 

proof of theorem \L3\ Let A satisfy the hypotheses of Theorem 11.31 and hence of Theorem 11.21 Let A d :- 
< H d A l'H d (A) denote the unique minimizer of 7^ over M\(A). Let t/> be any weak-star cluster point of // as 

s 1 d, and let {s n }™ = \ T d such that fx s " — > ifr. Let 77 > be arbitrary. Let so be the value provided by lemma [3~6 
for this choice of 77. For any s e (sq, d), we have 

(d - s)I s (i/f) < lim inf (d - s)I s (ji s " ) 

< lim sup (d - s n )I Sn (ju Sn )(l + //) + 77 



< lim sup (d - s n )I^(A d )(l + rj) + 77 



= (1+77)/^) + 77. 

As in the proof of Proposition 13. 31 the first inequality follows from the Principle of Descent, the second from 
Lemma l3~6l and the third from the minimality of I Sn (fi s *). Since s may be chosen arbitrarily close to d, IdW < 
(1 + T])Id(A d ) + 77. Since 77 was also arbitrarily chosen, 7^((/>) < Id(A d ). The uniqueness of the minimizer A d 
ensured by Theorem ll ,2l proves that if/ — A d and is sufficient to prove Theorem ll.3l □ 
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